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Abstract  
Problem of finding an optimal upper bound for the chromatic no. of 3K1-free graphs is still open 
and pretty hard. It was proved by Choudum et al that upper bound on the chromatic no. of {3K1, 
2K1+(K2K1)}-free graphs is 2ω. We improve this by proving for such graphs  ≤ 8 = 
2
3
 for ω 
= 5 and  ≤ 
2
3
 for ω  5, where ω is the size of a maximum clique in G. We also give examples of 
extremal graphs. 
 
1. Introduction:  
In [1], [2], [4], [5] chromatic bounds for graphs are considered especially in relation with  and . 
Gyárfás [6] and Kim [7] show that the optimal -binding function for the class of graphs with 
independence number 2 has order ω2/log(ω). Independence number 2 implies that the graph is 3K1-
free. If we forbid additional induced subgraphs, the order of the optimal -binding function may 
drop below ω2/log(ω). We consider in this paper only finite, simple, connected, undirected graphs. 
The vertex set of G is denoted by V(G), the edge set by E(G), the maximum degree of vertices in G 
by Δ(G), the maximum clique size by (G) and the chromatic number by G). N(u) denotes the 
neighbourhood of u and )(uN  = N(u)+u. In [1] it was proved that is 2ω is an upper bound on the 
chromatic no. of {3K1, 2K1+(K2K1)}-free graphs and the problem of finding tight chromatic upper 
bound for a {3K1, 2K1+(K2K1)}-free graph was stated as open.  
 
For further notation please refer to Harary [3].  
 
2. Main Result: 
 
Before proving the main result we prove some Lemmas.  
Lemma 1: Let G be {3K1, 2K1+(K2K1)}-free. Then V(G) = 
j
1
Mi where 1≤ j≤ 4 and  
1.1 <Mi> is complete  i, 1≤ i≤ j. 
1.2 Every vertex of M2 is non-adjacent to exactly one vertex of M1. 
1.3 If mi Mi for i = 1, 2 are s.t. m1m2 E(G) then every mj Mj (j=3, 4) is adjacent to exactly one 
of m1 and m2. 
1.4 Every x, y Mi (i=3, 4) have at least |M2|-2 common adjacent vertices from M1M2. 
1.5 If b M3, c M4 are s.t. bc  E(G),  then b and chave at least |M2|-1 common adjacent 
vertices from M1 M2. 
1.6 If |M1| ≥ |M2| ≥ 4, then either <M3M4> is complete or mimj E(G) for 3≤i, j≤4. 
1.7 Let b M3 and c, c’ M4 be s.t. bc, bc’ E(G). If m  M1M2 is s.t.cm, c’m  E(G) (cm, 
c’m  E(G)), then bm  E(G) (bm  E(G)). 
 
Proof: If G is complete, then the Lemma is trivially true. Let  v, w V(G) s.t. vw E(G). Let A = 
{x V(G)/xv, xw E(G)}, B = {x V(G)/xv E(G), xw E(G)}, and C = {x V(G)/xw 
E(G), xv E(G)}. Further let D  A be s.t. <D> is a maximum clique in <A> and Y = A–D. 
 
1.1 Let D = M1, Y = M2, B = M3 and C = M4. As G is 3K1-free, <B>, <C> are complete. Let y, z 
Y. Let if possible yz E(G). Let x D be s.t yx E(G). As G is 3K1-free zx E(G) and <v, z, 
w, x, y> = 2K1+(K2K1), a contradiction.  
 
1.2 By definition every vertex of Y is non-adjacent to at least one vertex of D. Let if possible y Y 
be non-adjacent to x, z D. Then <v, x, w, z, y> = 2K1+(K2K1), a contradiction. 
 
1.3 Let x D and y Y be s.t. xy  E(G). As G is 3K1-free, every b BcC) is adjacent to x or 
y. Let if possible bx, by E(G). But then <x, b, y, v, w> = 2K1+(K2K1), a contradiction. 
 
1.4 Let Y’  D be s.t. a vertex of Y is non-adjacent to some vertex of Y’. Let if possible b, b’ B 
have at most |Y|-3 common adjacent vertices from YY’. W.l.g. let yi’Y’ and yiY be s.t. yiyi’ 
E(G) for 1≤i≤3, and byi, b’yi’ E(G). But then <b, y1, y3’, y2, b’> = 2K1+(K2K1), a contradiction.  
 
Let X = D-Y’, Y = 
i
iy , Y’ = 
i
iy '  with yi’yi  E(G)  i. 
1.5 Next let b , c C be s.t. bc G). Let if possible b, c have at the most |Y|-2 common 
adjacent vertices from YY’. W.l.g. let byi’, cyi Gfor1≤i≤2. But then <b, y1’, w, y2’, c> = 
2K1+(K2K1), a contradiction. 
 
1.6 W.l.g. let if possible  b  c, c’ C s.t. bc E(G) and bc’  E(G) and byi  E(G)  i. As G 
is 3K1-free, c’yi’ E(G)  i. As |Y| ≥ 4, by 1.5, cyi  E(G) for at least three i, a contradiction to 1.4. 
 
1.7 If bm  E(G), then <m, c, b, c’, v> = 2K1+(K2K1), a contradiction. 
   
This proves Lemma 1. 
 
Note: Lemma 1 defines the structure of {3K1, 2K1+(K2K1)}-free graphs. 
Lemma 2: If G is 3K1-free and  ≤ 3, then G) ≤ 
2
3
. 
Proof: The result is trivially true for  ≤ 2. Let ω = 3. Then ∆ ≤ 5 and |V(G)| ≤ 8. If ∆ ≤ 4, then (G) 
≤ 
2
1 
 ≤ 4 < 
2
3
. Hence let ∆ = 5, V(G) = 
i
ia and deg a1 = 5. Then N(a1) = <a2, a3, a4 , a5, 
a6> = C5. If |V(G)| < 8, then clearly (G) = 4. Hence let |V(G)| = 8. As ω=3, aiaj  E(G) for some i 
 {2, 3}, j  {7, 8}. W.l.g. let a2a7  E(G). Then color pairs (a1, a8), (a2, a7), (a3, a5), (a4, a6) by 
same colors to get a 4-coloring of G.  
 
This proves Lemma 2. 
 
Definition: We call the pair (v, w) described in Lemma 1, a partitioning pair. Henceforth let X = 

i
ix ; Y = 
i
iy , Y’ = 
i
iy '  with yi’yi  E(G); B = 
i
ib  and C = 
i
ic be as defined in Lemma 1.  
Lemma 3: If G is {3K1, 2K1+(K2K1)}-free, then (A) ω = 4  (G) ≤ 6 (B) ω = 5  (G) ≤ 8.  
Proof: Let if possible G be a smallest {3K1, 2K1+(K2K1)}-free graph not satisfying the result. Let 
deg v = ∆, (v, w) be a partitioning pair. Then every u  V(G) is non-adjacent to at least |C|+1 but 
not more than ω vertices in G. Also as <XYv>, <Bv>, <Cw> are complete, |XY| ≤ ω-1, |C| 
≤ |B| ≤ ω-1. Also |XYY’| ≥ ∆-ω+1         I 
(A) Let ω = 4. Then ∆ ≤ 8 and If ∆ ≤ 7, then  ≤  
2
1 
  = 6. Hence let ∆ = 8. Then by I, 
|XYY’| ≥ 5  |X| ≤ 3 and 2 ≤ |Y| = |Y’| ≤ 3.  
 
First let |Y| = 3. Then as every bi (cj) is non-adjacent to three vertices from YY’ and w (v), 
<BC> is complete. Also as ω = 4, by I, |X| = 0 and as ∆ = 8, |B| = 2  |C| ≤ 2. If |C| ≤ 1, then 
color the pairs (yi’, yi) (1≤i≤3); (v, c1); (w, b1); and b2 by a new color to get  = 6, a contradiction. 
Hence let |C| = 2  yi’ (yi) is non-adjacent to at least two but not more than three vertices of BC. 
Thus by 1.7 of Lemma 1, every yi’ (yi) is non-adjacent to one bi and one ck  W.l.g. let c1yi’  
E(G)  i. Then by 1.5 of Lemma 1, w.l.g. y1’bi  E(G)  i = 1, 2, a contradiction. 
 
Next let |Y| = 2. Then |X| = 1, |BC| = 3 and hence |B| ≥ 2. If |B| = 2, then color the pairs (yi, yi’) 
(1≤i≤2); (w, b1); (v, c1) by same colors and x, b2 by two new colors to get  ≤ 6, a contradiction. 
Hence |B| = 3. W.l.g. let xb1  E(G). Then color the pairs (x, b1); (v, w); (yi, yi’) (1≤i≤2) by same 
colors and b2, b3 by two new colors to get  ≤ 6, a contradiction. 
(B) Let  = 5. Then  ≤ 13 and 9 ≤  ≤  
2
6
  11 ≤ ∆ ≤ 13. Also |C| ≤ |B| ≤ 4, |XYY’| ≥ 
7, |XY| ≤ 4; |Y| ≥ 3 and |X| ≤ 1.  
 
If |X| = 1, then |Y| = 3 and |B| ≥ 4  |B| = 4   bi s.t. xbi  E(G) (else <x, v, b1, b2, b3, b4> = K6). 
W.l.g. let xb1  E(G). If |C| ≤ 1, then color pairs (x, b1); (w, b2); (v, c1); (yi, yi’) (1≤i≤3) by same 
colors and b3, b4 by new colors to get  ≤ 8, a contradiction. Hence |C| > 1  x is non-adjacent to at 
least three vertices of G. Also by 1.7 of Lemma 1, x is non-adjacent to at most one vertex of B and 
one of C, a contradiction. 
 
Hence |X| = 0  |Y| = 4 and |B| ≥ 3. By 1.3 of Lemma 1, every bi is adjacent to 4 vertices from 
YY’. W.l.g. let b1yi  E(G) for 1≤i≤4. But then <b1Yv> = K6, a contradiction. 
 
This proves Lemma 3. 
  
Main Result: If G is {3K1, 2K1+(K2K1)}-free and  ≥ 6, then (G) ≤ 
2
3
. 
Proof: Let if possible G be a smallest such graph with (G) > 
2
3
. Let v  V(G) be with deg v = ∆ 
and s = |V(G)|-∆-1. Now s ≥ 1 (else G-v) ≤ 
2
)(3 vG 
 and G) ≤ G-v)+1 ≤ 
2
)1)((3 G
+1 ≤ 
2
3
). Again s ≥ 2 (else let vw  E(G)  in any (
2
3
)-coloring of G-w, v receives a unique color say 
. By coloring w by , we get (G) ≤ 
2
3
). Hence ∆ ≤ |(V(G)|-3 and as 
2
3
 < (G) ≤ 
2
1 
 , 
 ≥ 2-1  ∆+s+1 ≥ 2ω+2. Also   ≥ 6, +3 ≤ 
2
3
< (G).     I  
 
Let v, w  V(G) be s.t. deg v =  and vw  E(G). Let (v, w) be a partitioning pair. Then |X|+|Y|+1, 
|B|+1, |C|+1 ≤  and as s ≥ 2, 1 ≤ |B| ≤ |C|. Also |XYY’| ≥ ∆-ω+1 and hence by I, |XYY’| ≥ 
  |Y| > 0.            II 
  
Case 1: bicj  E(G)  i and j. 
W.l.g. let b1yi  E(G)  i  cjyk’  E(G)  j, k  bjyk  E(G)  j, k. Also let X1 = {x X/ xbj  
E(G)  j} and X2 = X-X1. Clearly <X1BYv> and <X2CY’w> are complete and ∆+s+1 = 
||X1BYv|+|X2CY’w| ≤ 2, a contradiction to I. 
 
Case 2:  bi, bj, ck, cm s.t. bick  E(G) and bjcm  E(G). 
By 1.6 of Lemma 1, |Y| ≤ 3. Let B1 = {b1i/b1icj  E(G) for some j}, B2 = B-B1, C1 = {c1i/ c1ibj  
E(G) for some j} and C2 = C-C1. Clearly |B1|, |C1| ≥ 1. Let Bj=
i
jib , Cj=
i
jic , j = 1, 2. 
Claim 1: If bmicnj, bmiy1, cnjy1’  E(G), then xpbmi  E(G) iff xpcnj  E(G).  
If xpbmi  E(G) and xpcnj  E(G), then <xp, w, cnj, y1’, bmi> = 2K1+(K2K1), a contradiction. 
 
Claim 2: If some b1i (c1i) is non-adjacent to two vertices of C1 (B1) and b1iyj  E(G)  j, then b1kyj, 
c1myn’ E(G)  k, j, m, n.  
Let b1ic1k, b1ic1m  E(G). Then c1kyp’, c1myp’ E(G)  p. If  b1n s.t. say y1b1n  E(G), then y1’b1n  
E(G) and b1nc1k, b1nc1m  E(G)   c1t s.t. c1tb1n  E(G)  c1ty1  E(G) and c1tb1i E(G). But then 
<b1n, c1k, c1t, c1m, b1i> = 2K1+(K2K1), a contradiction.  
 
Claim 3: If every b1i is non-adjacent to exactly one c1i and vice versa, then  j, xj is adjacent to 
exactly one of b1i and c1i where b1ic1i  E(G).  
Let if possible xjb1i, xjc1i  E(G). Let b  B-b1i. Then as c1ib  E(G), xjb  E(G) (else <xj, b1i, b, v, 
c1i> = 2K1+(K2K1)). Similarly  c  C-c1i, xjc  E(G), a contradiction to s ≥ 2. 
 
Claim 4: If |Y| ≥ 2, then every b1i is non-adjacent to exactly one c1j and vice versa. 
If not, then |B1| ≥ 2 or |C1| ≥ 2 and by Claim 2 w.l.g. let b1iyj, c1iyj’ E(G)  i, j. As |Y| ≥ 2, by 1.5 
of Lemma 1, b1ic1j  E(G)  i, j. Also |B1| ≥ 2 (else |C1| ≥ 2 and as |B| ≥ |C|, |B2| > 0 and b2iyj’ 
E(G)  i, j  <b21, b11, y1, b12, y2’> = 2K1+(K2K1)). Let X1 = {xi/ xib1j  E(G) for some j} and X2 
= X-X1. Then |B2C2| ≥ 2 (else ∆+s+1 = |X1C1Y’w|+|X2B1Yv|+|B2C2| ≤ 2+1). Also 
|B2| ≥ 1 (else |C2| ≥ 2, by 1.7 of Lemma 1, c2iyj E(G)  i, j and <c11, c21, y1, c22, y2’> = 
2K1+(K2K1)). Now |Y| = 2 (else by 1.5 of Lemma 1, b21 is adjacent to at least two vertices of Y’ 
say y1’, y2’and <b21, b11, y1, b12, y2’> = 2K1+(K2K1)). Then by II, |X| ≥ 2. Also b2i is adjacent to 
one vertex of Y’ by 1.5 of Lemma 1 and one vertex of Y (else <b21, b11, y1, b12, y2’> = 
2K1+(K2K1)). W.l.g. let y1’b21, y2b21  E(G). Now xic1j  E(G)  i, j (else xib1j  E(G)  j  By  
Claim 1, xib21  E(G)  <xi, b11, b21, b12, y1’> = 2K1+(K2K1)). Again by Claim 1, xib2i  E(G)  
i and if |C2| > 0, then c2iyj E(G)  i, j and xic2j  E(G)  j. As s ≥ 2, w.l.g. let xib11, xib12  E(G). 
Then <b21, b11, y1, b12, xi> = 2K1+(K2K1), a contradiction. 
 
Claim 5: |B2| ≤ 1 and |C2| ≤ 1. 
Let if possible |B2| ≥ 2. W.l.g. let b11c11  E(G) and c11yj E(G)  j  b11yj’ E(G)  j.  
 
A: Let b2iyj E(G)  i, j  By 1.7 of Lemma 1, cmnyj E(G)  m, n, j  b1iyj’ E(G)  i, j and 
every b1i is adjacent to at the most one c1j and vice versa, |Y| = 1 (else <b11, b21, y1, b22, y2’> = 
2K1+(K2K1)) and by 1.7 of Lemma 1, |C2| ≤ 1. Also by II, |X| > 0. As s ≥ 2, for each b2i  say xi 
s.t. xib2i  E(G). Again xi  xj for i  j (else xib2i, xib2j  E(G), and if xib11  E(G) then <b11, b21, y1, 
b22, xi> = 2K1+(K2K1) and if xic11  E(G) then <c11, b2i, v, b2j, xi> = 2K1+(K2K1)). Again every 
xk is non-adjacent to some b2i (else as |B2| ≥ 2, clearly xkb1m, xkc1m  E(G) and deg xk > ). Then 
|B1| ≤ 2 (else if say x1b11, x1b12  E(G) then <x1, b11, b21, b12, y1> = 2K1+(K2K1) and if x1b11, x1b12 
 E(G) then <b22, b11, y1’, b12, x1> = 2K1+(K2K1)). Similarly |C1| ≤ 2. W.l.g. let b1ic1i  E(G) for i 
≤ 2. Then color pairs (xi, b2i); (y1, y1’); (v, w); (b1i, c1i), and vertex of C2 (if any) by a new color to 
get  ≤ |X|+|Y|+1+3 ≤ +3, a contradiction. 
 
B:  b21, b22 s.t. y1’b21, y1b22  E(G). Then by 1.7 of Lemma 1, |C| ≤ 2 and y1b2i  E(G)  i > 1. 
Also by 1.5 of Lemma 1, <b21{Y-y1}> is complete.  
 
B.1: |C| = 2 and c  C-c11  y1’c  E(G) and by 1.7 of Lemma 1, |B2| = 2. Now |B1| ≥ 3 (else color 
vertices of X by |X| new colors and pairs (y1, b21); (y1’, b22); those of corresponding non-adjacent 
vertices of Y-y and Y’-z; (b11, c11); (w, b12); (v, c) by same colors to get  ≤ |X|+|Y|+1+3 ≤ +3). 
Clearly some c1i is non-adjacent to more than one vertex of B1 and by Claim 2, |Y| = 1 and 
<B1Y’> is complete. Then by 1.7 of Lemma 1, c11 is adjacent to at the most one b1i. Also as s ≥ 2, 
 x  X s.t. xb22  E(G)  x is adjacent to at the most one b1i (else <x, b1i, b22, b1k, y1> = 
2K1+(K2K1)). Also x is adjacent to at the most one vertex of C (else <x, c11, b22, c, v> = 
2K1+(K2K1)). Clearly xc11  E(G)  xc  E(G) and <cB1> is complete  c  C2. Now by II, 
|X| ≥ 4. Now <Xc11> is complete (else let x’  X be s.t. x’c11  E(G)  x’b1i  E(G)  i  By 
1.7 of Lemma 1, x’c  E(G)  <x, x’, c, y1’, c11> = 2K1+(K2K1))  cx’  E(G)  x’  X and 
<c11, x, y1’, x’, c> = 2K1+(K2K1), a contradiction.  
 
B.2: |C| = |C1| = 1. Then <Y’B1> is complete. If |Y| ≥ 2, then by Claim 4, |B1| = 1. Also |B2| ≤ 3 
(else by 1.7 of Lemma 1, mb2j, mb2k  E(G) for some j, k > 1 and <b11, b2j, y1, b2k, n> = 
2K1+(K2K1)). Then color vertices of X and b23 by |X|+1 new colors and pairs (y1, b21); (y1’, b22); 
(yi, yi’); (v, w) and (b11, c11) by same colors to get  ≤ |X|+|Y|+1+3| ≤ +3, a contradiction. Hence 
|Y| = 1 and by II, |X| ≥ 4. Also as s > 1,  x  X s.t. xb2i  E(G)  i. Now  x  X, either xc11  
E(G) or xb1i  E(G), but not both (else  x s.t. xc11, xb1i  E(G)  xb2k  E(G)  k as otherwise 
<x, b1i, b2k, v, c11> = 2K1+(K2K1)  As s > 1, xb1t xb1m  E(G) and <b22, b1t, y1’, b1m, x> = 
2K1+(K2K1)). W.l.g. let x1b21  E(G)  By Claim 1, x1c11  E(G)  x1b1i  E(G)  i. If  x2, x3 
s.t. x2c11, x3c11  E(G), then xib1j  E(G) for  j and i = 2, 3   t > 1, xmb2t  E(G) for some m  
{2, 3} (else <b2t, x2, y1, x3, b11> = 2K1+(K2K1)). W.l.g. let x2b22  E(G). But then <x2, x1, b22, y1, 
b21> = 2K1+(K2K1)). Hence w.l.g. let x2c11  E(G)  By A.1, x2b21  E(G). Then |B1| ≤ 1 (else 
xib22  E(G) for i = 1, 2 and <b22, x1, w, x2, c11> = 2K1+(K2K1)). Again for j > 1, no two b2is have 
a common non-adjacent x  X (else if xc11  E(G), then <c11, b2k, v, b2t, x> = 2K1+(K2K1) and if 
xc11  E(G), then <b11, b2k, y1, b2t, x> = 2K1+(K2K1)). Hence color pairs of corresponding non-
adjacent vertices of X and B2-b21; (yi, yi’); (v, w) and (b11, c11) by same colors and remaining 
vertices of X and b21 by new colors to get  ≤ |X|+|Y|+1+2| ≤ +3, a contradiction.  Similarly it can 
be proved that |C2| ≤ 1. 
 
Case 2.1: Every b1i is non-adjacent to a unique c1i and vice versa.  
Then |B| ≤ 4 (else w.l.g. y1bi  E(G) for 1≤i≤3 and by Claim 5 say bi = b1i for 1≤i≤2. Then c11y1  
E(G) and <c11, b12, y1, b3, w> = 2K1+(K2K1)). Thus as  ≥ 2-1 ≥ 11, |XYY’| ≥ 7 and |X| ≥ 1.  
Also |B1| ≥ 3 (else color vertices of X by |X| new colors and pairs (v, c21); (w, b21); (b1i, c1i); (yi, yi’) 
by same colors to get  ≤ |X|+|Y|+2+|B1| ≤ +3). W.l.g. let y1b11, y1b12  E(G)  y1’b13  E(G), 
y1’b  E(G)   b  B-
2
1
1
i
ib and y1c  E(G)   c  C-
2
1
1
i
ic   |C2| = 0 (else as |B| ≥ |C| and |B1| = 
|C1|, |B2| > 0 and <b21, c13, y1, c21, v> = 2K1+(K2K1)).  Now |C1|  4 (else xi is non-adjacent to at 
the most 4 vertices and deg xi > deg v = ), |B2| > 0 (else color vertices of X by |X| new colors and 
pairs (v, w); (b1i, c1i); (yi, yi’) by same colors to get  ≤ |X|+|Y|+1+|B1| ≤ +3) and xib21  E(G)  
(else deg xi > ). Then color vertices of X-xi by |X|-1 new colors and pairs (xi, b21); (v, w); (b1i, c1i); 
(yi, yi’) by same colors to get  ≤ |X|+|Y|+1+3 ≤ +3, a contradiction. 
 
Case 2.2: Some vertex B1 or C1 be non-adjacent to two vertices of C1 or B1.  
Then by Claim 4, |Y| = 1 and by Claim 2, b1iyj, c1myn’  E(G) for  i, j, m, n. Then  i, b1ic1j  
E(G) for at the most one j and vice versa. Also by II, |X| > 0. Let X1 = {x1i  X/x1ib1k  E(G) where 
b1kc1m  E(G) for some k, m} and X2 = X-X1 Then |X1| > 0 (else let X’ = {x1i  X/x1ib1t  E(G) 
where b1tc1m  E(G)  m} and X” = X-X’. Then ∆+s+1 = |X1C1y1’w|+|X”B1 
y1v|+|B2C2| ≤ 2ω+2)  |X2| = 0. Thus every xk is non-adjacent to some b1i where b1ic1j  E(G) 
for some j  |B1|, |C1| ≥ 2 as b1ic1k, b1tc1j  E(G) for some k, t. Now no two x’, x”  X are non-
adjacent to the same b1i where b1ic1j  E(G) for some j. Let if possible x’b1i, x”b1i  E(G). Then xb1i 
 E(G)  x  X (else let xb1i  E(G) and xb1n  E(G)  <x, x’, b1n, x”, b1i> = 2K1+(K2K1)). Also 
|B2| = |C2| = 1 (else ∆+s+1 = |X(C1-c1j) y1’w|+|B1 y1v|+|c1jB2C2| ≤ 2ω+2) and as s > 1 
and |Y| = 1  x  X s.t. xb21 (xc21)  E(G)  by 1.7 of Lemma 1, |B1|, |C1| ≤ 2. Then color vertices 
of X by |X| new colors and pairs (y1, y1’); (v, w); and those of corresponding non-adjacent vertices 
of B1 and C1 by same colors to get  ≤ |X|+|Y|+1+|B1| ≤ +3, a contradiction. Hence if xb1i, x’b1j  
E(G), then ij. 
 
W.l.g. let |B1| ≤ |C1| and (b1i, c1i) be s.t. b1ic1i  E(G) for i = 1,.., q. Then |X| ≤ q ≤ |B1|, |C1| ≤ -2.  
Now color the pairs (x2r+1, b2r+1), (x2r+2, c2r+2) (1≤2r+1≤|X| if |X| is odd and 1≤2r+2≤|X| otherwise), 
(bt, ct+1) (|X|<t≤mod |B1|), (v, w), (y, c2), (z, b2) by same colors and remaining vertices of |C1| by 
different new colors to get  ≤ |X|+|C1|-
2
)1|| ( X
+2 ≤ +
2
1|X|  
 ≤ 
2
3
, a contradiction. 
Case 3:  partitioning pair (v, w) with deg v = , <BC> is complete.  
 
Case 3.1: |C| > 1. 
If  c, c’ s.t. zc, zc’ E(G), then by 1.7 of Lemma 1, <y1’B> is complete. Also as |B| ≥ |C|, |B| ≥ 2 
and y1’C> is complete. But then deg y1’ > , a contradiction. Hence w.l.g. let y1’c, y1c’  E(G). 
Clearly |C| = 2 and also |B| = 2 with y1’b, y1b’  E(G). Then color pairs (c, y1); (b’, y1’); (v, c’); (w, 
b); (yi, yi’) (2≤i≤|Y|) by same colors and vertices of X by |X| new colors to get  ≤ |X|+|Y|+3 ≤ +2, 
a contradiction. 
 
Case 3.2: |C| = 1. 
W.l.g. let <Y’c> be complete. By 1.5 of Lemma 1, every b  B has at the most one vertex from Y 
adjacent. Let B’ = {b  B/ <bY’> is not complete} and B” = B-B’.  
We have 
(a) As s ≥ 2, every yi’ is non-adjacent to some vertex of B’ but by 1.7 of Lemma 1, yi’ is not non-
adjacent to more than one vertex of B’. Thus every vertex of B’ is non-adjacent to one yi’ and 
vice versa |B’| = |Y’|. Also deg yi’ =   i. 
(b) xc  E(G)  x  X (else as s ≥ 2, xbi  E(G) for say i = 1, 2 and <c, b1, v, b2, x> = 
2K1+(K2K1))  
(c) By Claim 1, xb’  E(G)  b’  B’  
(d) By 1.7 of Lemma 1, every vertex of X is adjacent to at the most one vertex of B”  
(e) Every vertex of B” is adjacent to at the most one vertex of X (else <b”, x1, w, x2, c> = 
2K1+(K2K1)).  
(f) If t = min{|B”|+1, |X|}, then  (xi, ui) where xi  X, ui  {B”c} s.t. xiui  E(G). This can be 
proved by induction on t using (d) and (e). 
(g) If y1’b1’  E(G), then roles of X and B” are interchanged when instead of (v, w) (y1’, b1’) is 
considered as a partitioning pair. 
(h) <XYv>, <B”Y’c>, <Y’cw> are all complete. 
By (g) w.l.g. let |X| ≥ |B”|. If |X| > |B”| and by (f) (c, x1), )",(
|"|
2

B
i
ii bx

be s.t. xibi” E(G), then color 
pairs (x1, c); (xi, bi”) (2≤i≤|B”|); (xj, b|Y|-|X|+j’) (|B”|+2≤j≤|X|); (bk’, yk’), (bk+1’, yk), 
(1≤k≤
2
1|"|||||  BXY
) (if |Y|-|X|+B”|+1 is odd then yk has no pair for k=
2
1|"|||||  BXY
); 
(ym’, ym) (
2
1|"|||||  BXY
+1≤k≤|Y|); (v, w) by same colors to get  ≤ 
|X|+2
2
1|"|||||  BXY
+|Y|-
2
1|"|||||  BXY
+1≤|
2
4|"|||||3  BXY
= 
2
2||)1|"||(|)1|||(|  YBYXY
 ≤ 
2
3
 by (h), a contradiction. Next let |X|=|B”|. If |X| > 0, then 
as before we arrive at a contradiction. Finally if |X| = 0, then color pairs (bk’, yk’), (bk+1’, yk), 
(1≤k≤
2
|| Y
); (ym’, ym) (
2
|| Y
+1≤k≤|Y|); (v, w) by same colors. If |Y| is odd then color pair (c, yk) 
by the same color for k=
2
|| Y
) and otherwise color c by a new color to get  ≤ 
2
4||3 Y
< 
2
3
 by 
(h), a contradiction. 
 
This proves the Main Result. 
 
Examples of {3K1, 2K1+(K2K1)}-free graphs with tight (G). 
1. If ω=2r, then let G ~ 

r
1i
5C , =3r.  
2. If ω=2r+1, then let G ~ 

r
1i
5C +W6, =3r+1 
3. If ω=5, then let G be as follows: V(G) = {v, w, 
3
1i
iy , '
3
1

i
iy , 
4
1i
ib , 
4
1i
ic }.  
E(G) is defined as below: 
 
Vertex Non-adjacent to vertices Vertex Non-adjacent to vertices 
v w; ci 1≤i≤4 w v, bi 1≤i≤4 
b1 w, c1, y1’, y2’, y3’ c1  v, b1, y1, y2, y3 
b2 w, c2, y1, y2, y3’ c2  v, b2, y1’, y2’, y3 
b3 w, c3, y1, y2’, y3 c3  v, b3, y1’, y2, y3’ 
b4 w, c4, y1’, y2, y3 c4  v, b4, y1, y2’, y3’ 
y1 y1’, c1, b2, b3, c4 y1’ y1, b1, c2, c3, b4 
y2 y2’, c1, b2, c3, b4 y2’ y2, b1, c2, b3, c4 
y3 y3’, c1, c2, b3, b4 y3’ y3, b1, b2, c3, c4 
Edge Set E(G) 
 
Then G is {3K1, 2K1+(K2K1)}-free, 10-regular and (G) = 8.  
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